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NOTATION
Notation

The following notation will be used consistently throughout these notes:

Z The set of integers: {...,—3,—-2,—-1,0,1,2,3,...}.
Z*  The set of natural, or counting, numbers: {1,2,3,...}.
Z*  The set of whole numbers: {0,1,2,3,...}.
Z~ The set of negative integers: {...,—3,—2,—1}.
R The set of real numbers.
Rt  The set of positive real numbers.
R~ The set of negative real numbers.
The set of rational numbers: {% ca,be Z}.

The empty set (set with no elements in it).

Q

6]

U Union (of two sets).
N Intersection (of two sets).
v “For all”

3 “There exists”

3 “such that”

In some other texts, N is used to denote the set of natural numbers Z*. This notation is not used in this text, but
it is valid and commonly used.
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1 Algebra of Sets

1.1 Elementary Set Theory

Definition 1.1.1. A set is a collection of objects.

Examples of sets include

e The set of all positive integers: ZT = {1,2,3,...}.

e The set of all white mice in a room.

Sets are usually denoted by capital italic letters, such as A, B, N, I, S, etc.

Definition 1.1.2. An element or member of a set is an object that belongs to the set in question. If b is an element
of the set S, then we use the notation b € S.

Definition 1.1.3. A set is completely described if a rule is given that determines whether any particular object is
an element of that set.

Example 1.1.1. Let A be the set of numbers 2, 4 and 6. Then we write A = {2,4,6}. This set is finite, since it
has a finite number of elements. Note that 2 € A, 4 € A, 6 € A but 8 € A. The notation ¢ means “does not belong
to”. |

Definition 1.1.4. The size or cardinality of a finite set is the number of elements in the set. We use the notation
|A| to denote the size (or cardinality) of the set A.

Example 1.1.2. Let B be the set of all positive even integers:
B =1{2,4,6,8,10,...}.
This is not as clear as
B ={z: x =2n, nis a positive integer }

or
B={x: x=2n, n € Z"}, where Z* denotes the set of positive integers.

The set B is infinite, since it has infinitely many members. In fact, B is countably infinite. O

Definition 1.1.5. A countably or denumerably infinite set is an infinite set whose members can be labeled with
subscripts such that every positive integer is used as a subscript exactly once. An infinite set which is not countably
infinite is an uncountably infinite set.

Example 1.1.3. For example,

B={x: x=2n, ncZ"}
Q={n: neZ}
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are countably infinite sets. Examples of uncountably infinite sets are

C={z: 0<z<6, xR}
D={(z,y): 0<x<1,0<y<1, z,y e R}
The set
E={(z,y): 0<2<1,0<y<1, z,yeZ'}
is a finite set. In fact, £ = {(1,1)}. O

Example 1.1.4. The members of a set need not have any recognizable properties in common. For example, consider
the set
{University of Washington, Toronto, 9}.

Definition 1.1.6. If every member of a set A is also a member of a set B, then A is called a subset of B. Equivalently,
A is contained in B. We use the notation A C B, or A C B, or analogously, B D A, or B D A.

Example 1.1.5. If A ={2,4,6} and B = {2,4,6,8,10}, then A C B. Note two different concepts (and notations)
here:

{2} ¢ A = The set which contains 2 as its only element is a subset of the set A
2 € A = The element 2 is a member of the set A O

Definition 1.1.7. The sets A and B are equal, denoted A = B, if and only if A C B and B C A.

Definition 1.1.8. The empty or null set is the set which has no members. The empty set is denoted by either { }
(literally, a set with no members in it) or by @ (which is sometimes also written as (). By convention, the empty set
is considered to be a subset of all sets. Thus, if A is any set, @ C A.

Example 1.1.6. Let S = {a,b,c}. Then then subsets of S are

a, {a}, {b}, {c}, {a,b}, {a,c}, {b,c}, {a,b,c}. (1.1.1)
(]

If S is a finite set of size n (i.e., S has n members), then it can be shown that the number of possible subsets of S is
2", For this reason, the collection of all possible subsets of S is denoted as 2°. For example, for S in Example[1.1.6]
the collection of sets 2 is given by (1.1.1). Note that it has 2" = 23 = 8 subsets.

Definition 1.1.9. A is a proper subset of Bif A C B but A # B and A # @.

Definition 1.1.10. The wuniversal set, denoted U, is a set which contains as subsets all sets within a specific
discussion.

Example 1.1.7. If we want to discuss the number of live polio vaccines within a given batch of vaccines, we might
let U be the set of all positive real numbers. That is, U = Z". It would suffice, however, to let U = {z : © € ZT,
x <1023} O
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Definition 1.1.11. Let A C U. The set which consists of all elements of U which are not in A is called the
complement of A with respect to (wrt) U, and is denoted by a few different notations, such as

A, A°, A*, ~A, U-A, or U/A.
In these notes, we shall use the notation A°€.

Note that for arbitrary sets A and B, B/A is used to denote the elements of B which are not in A. The set A need
not be a subset of B.

Example 1.1.8 (Venn Diagram). Draw a geometric shape on the plane and assume that points interior to and
on the boundary of the figure constitute the set.

A€ =U/A is the shaded region.

A/B is the shaded region.

Example 1.1.9. If U = {1,2,3} and A = {1,2}, then A° = {3}. If B = {2,3,4}, then B/A = {3,4} and
A/B = {1}. O

Definition 1.1.12. If A and B are sets, then A intersection B is the set of all elements which belong to both A and
B. This is denoted by AN B, or simply AB.

Note that AN B = BN A. That is, order is not important; the operation is commutative.

Example 1.1.10. If A = {a,b,c,d} and B = {a,d, f}, then AN B = {a,d}.

AB is the shaded region. O

Definition 1.1.13. If A and B are sets, then A union B is the set of all elements which belong to either A or B,
or both. This is denoted by AU B.
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Note that AU B = BU A. Again, the operation is commutative.

Example 1.1.11. If the sets A = {a,b,¢,d} and B = {a,d, f}, then AU B = {a,b,c,d, f}.

AU B is the shaded region. |

Definition 1.1.14. Two sets are disjoint if (and only if) they have no elements in common. That is, if AN B = &.

Theorem 1.1.1 (DeMorgan’s Laws).

(0 ) ﬂE (1.1.2)

(_ ) UE (1.1.3)

\D:\

Proof: Suppose z € (U;E;)°. Then z € U, E;, which means that # ¢ E; Vi. Thus, x € E¢ Vi = 1z € N;ES. Now
suppose that z € N;Ef. Thenx € Ef Vi = o ¢ E; Vi = z¢UE, = =x¢ (U E;). This proves (1.1.2).

Using (1.1.2)),

n ¢ n n
(U=) A=A
i=1 i=1 i=1
since (E°)¢ = E for any set E. Taking the complement of both sides gives us (1.1.3)). ]
Definition 1.1.15. An n-tuple (z1,x2,...,2,) is an array of n symbols 1, 2, . .., z, which are called, respectively,
the first component, the second component, ..., the n*" component.

Two n-tuples are equal iff they have the same symbols in the same order. That is,

However, in a set, the order of the elements is not important. That is,
{2,7,8} ={2,8,7}.

Note that the 3-tuple (1,0, 1) cannot be condensed, but the set {1,0,1} is equal to {0,1} or {1,0}.
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1.2 Set Functions

In calculus, functions like
flz) =2z +6, —o0o <z <00
or

h(z,y) = ar x>0, y>0

are called point functions. They are evaluated at a point, such as x or (x,y). When we evaluate a function at a set
instead of at a point, we call it a set function.

Example 1.2.1. Let A be a set of points in one-dimensional space (on the real line). Let Q(A) be equal to the
number of points in A which correspond to positive integers. Q(-) is a function of the set A. As examples,

A={z: 0<z <5} = QA4 =4,
A={z: z2=-2,—-1} = Q(4)=0,
A={z: —co<z <6} = Q4 =5

(

The domain of Q(-) is the set of subsets of the reals R. The range of Q(-) is the set of non-negative integers Z*. 0O

Example 1.2.2. Let A be a set in two-dimensional space. Let Q(A) be equal to the area of A if A has finite area,
and undefined otherwise. As examples,

A={(z,y): P+ <1} = Q) =m,
A={(z,y): (2,9) =(0,0),(1,1),(0,1),(1,0)} Q(A) =0,
A={(z,y): ©>0, y>0} = Q(A) is undefined. O

4

Example 1.2.3. Let A be a set in one-dimensional space, and Q(A) = / e " dx.
A

A={z: 0<z <o} = Q(A):/ e ¥dr=1,
0
1

A={z: 0<z <1} = Q(A):/e*wdle—efl. O
0

Definition 1.2.1. A class is a set whose elements are all sets. The set of all subsets of a set is a class. We use script
letters to denote classes; A, X, etc.

Definition 1.2.2. Let ) be a class of sets. A rule u(-) which associates with each A € ) one and only one real
number p(A) is called a real-valued set function defined on ). The domain and range of u(-) are ) and R, respectively.

Definition 1.2.3. A class ) is closed wrt some (binary) operation f iff for every A,B € ), AfB € ).
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Example 1.2.4. Let Y = {&,{a}} and f = union. Then ) is closed wrt f, since

oU{a} = {a} €V,
{a}U{a} = {a} € Y,
gug=agec).

If f = intersection, then ) is closed wrt f, since

ogn{a} =2 €,

{a} n{a} ={a} €V,

gN@=ae).

If ¥ = {{a}, {b}}, then Y is not closed wrt U nor wrt N. O

Is the set of all subsets of a finite set S closed wrt U and N? We often require that ) be closed wrt one or more
operations. This will be true when ) is the domain for a probability function.
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2 Fundamental Definitions and Axioms

2.1 Random Experiments and Sample Spaces

Definition 2.1.1. A random experiment is one which can be repeated under the same conditions but whose outcome
cannot be predicted with certainty.

Example 2.1.1. Examples of random experiments include experiments to determine the effect of a drug on a given
type of patient experiments to determine the effect of a fertilizer on a given type of corn, and outcomes from games
of poker. |

Definition 2.1.2. A sample space is the set of all possible individual outcomes to a given experiment (or game).
We denote the sample space by S.

Example 2.1.2. If the game is tossing a coin in which the possible outcomes on each coin are a head (H) or a tail
(T), then S = {H,T}. If a possibility is that the coin lands on its edge (E), then S = {H,T, E}. If the game is
tossing two coin sin which the possible outcomes on each coin are H and T, then

S = {(H7 H)a (Ha T)7 (Ta H)7 (Ta T)}7 or
S={(z,y):x=H,Tand y=H,T}, or
S = {{H’H}a {HvT}a {TvT}}'
Note that curly brackets {-,-} denote an unordered pair, while parentheses (-, -) denote an ordered pair. Whether or

not the points in the sample space are ordered depends on the questions asked about possible outcomes. If possible
outcomes are ordered, the sample space must be ordered. O

Example 2.1.3. A sample space need not be finite. Consider the following;:

(a) A Geiger counter set up to record cosmic ray counts. The number of counts recorded may be any positive

integer or zero:
§=1{0,1,2,3,...} =zt u{0} = Z*.

(b) An experiment measuring the time (in nanoseconds) between two neighboring peaks on an electrocardiogram:
S={r:0<z<o00}=R"T.
Note that S is not unique. A sample space must contain all possible points, but it may also contain points or intervals

which could never occur. One may make a sample space as large as one pleases at the price of having a large number
of points (or intervals) in S which have zero probability associated with them.

Definition 2.1.3 (Population). A population is a set of objects from which we sample. We measure some (or
many) properties of the object drawn from the population.

If the random experiment is tossing a coin, then the population must be the set of all coins, the set of all coins of
the type being tossed, the set of all coins in a given box from which the tossed coin was drawn, or the set consisting
of the coin being tossed.
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Example 2.1.4. If the experiment is to determine the effect of anesthetics on patients, then the population might
be the set of all patients who have had one of the different types of this anesthetic. When a patient is drawn from
the population, we might measure the anesthetic type given, the age of the patient, and whether the operation was
a success or failure. The sample space is the set of elements of the type (z,y, z), where

x denotes the type of anesthetic given to a certain patient,

y denotes the age of the patient, and

z denotes success or failure.
If three types (a,b,c) of anesthetic are used, then the sample space S might be

S={(z,y,2) :x =a,b,c; y=1,...,100; z=s, f}.
|

Example 2.1.5. If we want to measure the sugar content of oranges from a given grove, we could let the population
be a particular harvest from the grove. A number of oranges would be measured for sugar content. The sample

space in this case could be
S={z: 0<z < o0}

2.2 Events

Definition 2.2.1. An event is a subset of the sample space.

If upon performance of a random experiment the observed outcome is contained in some subset C of the sample
space S, we say that the event C has occurred.

Example 2.2.1. If S = {(H,H),(T,T),(H,T),(T,H)}, then the 2* = 16 possible events are the following:

A =S
Ay =0
Ay ={(H,H)}
Ay ={(T,T)}

A = {(H7 H)7 (T7 T)}

If a (H, H) occurs, the events A1, A3, A5 among others have occurred. O

Example 2.2.2. In Example 2.1.3(b), S = {z: 0 <2 < co} = R*". One might be interested in the events

A={z: >3}, or
B={zx: 1<z<4}. O
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Example 2.2.3. In Example[2.1.4, S = {(z,y,2) : £ = a,b,¢c; y=1,...,100; z = s, f}. One might be interested in
the events

A={(z,y,2): x=a; y=1,...,100; z = s}, or
B={(z,y,2): x=a; y=1,...,50; z= f}. |

—~

2.3 Probability Measure

Let S be the sample space for a random experiment. Let C' C S be an event. Assume that we have made n repeated
performances (trials) of a random experiment. We count the number f of times that the event C actually occurred
throughout the n trials. The ratio f/n is called the relative frequency of the event C in the n experiments.

Relative frequency is usually quite erratic for small values of n. As n increases, experience indicates that the relative
frequency tends to stabilize. That is,
f

lim = =p.
n—oo n

We associate with the event C' the number p. Thus, although we cannot predict the outcome of a random experiment,
we can, for a large value of n, predict (approximately) the relative frequency with which the outcome will be in C.

Example 2.3.1. The number of white balls drawn in 600 trials of the experiment of drawing a ball with replacement
from an urn containing 4 white and 2 red balls:

In trials  Number of white Probability

numbered balls drawn of white balls

001 - 100 69 S8 =0.690

101 - 200 70 G9E50 = 0.695 0
201 - 300 59 89470459 — 0.660

301 - 400 63 G9LTOLB9463 — 652

401 - 500 76 GOLTOEIAEOILT0 — 0.674

501 - 600 64 69+70+596—(&)-(?3+76+64 = (0.668

Let S denote the sample space. It is our purpose to define a set function P(C) so that if C' C S is a probabilizable
event, then P(C) is the probability that the outcome of the random experiment is an element of C'.

We need to keep the structure of each set C sufficiently simple to allow computation of P(C). We ensure this by our
definition of the domain of the set function P(-).

Let ¥ denote the domain of the set function P(-). If S is finite or countably infinite, then ¥ is the set of all subsets
of S. If S is uncountably infinite, then we require that ¥ is a non-empty set of subsets of S which is closed wrt
countable unions and complements (i.e., if A € ¥, then A° = S/A € U).

We take P(C) to be the number about which the relative frequency f/n of the event C stabilizes (i.e., the limit).
This suggests some properties we want the function P(-) to possess:

1. Relative frequency is always > 0.

2. Relative frequency of S is 1.
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3. If Cq,C5,Cs, ... are disjoint subsets of S and elements of ¥, then the relative frequency of the union is the sum
of the relative frequencies. This is called the additive property.

We can formalize these three properties mathematically:

Definition 2.3.1 (Probability Function). A probability function or probability measure is a set function P(:)
whose domain is W. For every a € ¥, P(A) is called the probability of the event A. The following three axioms are
assumed:

Axiom 1: P(A) >0 VAe U.
Axiom 2: P(S) =1.

Axiom 3: If Ay, Ay, As,... € ¥ are disjoint, then P (U AZ-) =P(A4HUAUA3U- ) = ZP(AZ-).
i=1 i=1

Note that the range of P(-) is [0, 1].

Example 2.3.2. Suppose we toss a fair die. Then S = {1,2,3,4,5,6}, and for probability, we have

¢ |1 2 3 4 5 6
P({z}) | 1/6 1/6 1/6 1/6 1/6 1/6

Let A be the event that an even number is rolled:

3 1
A={24,6} = PA)=P{2}U{4}U{6}) =P({2}) +P({4}) +P({6}) = ¢ =5
O
We will henceforth assume that any event under discussion is an element of ¥, the domain of P(-).
It can be shown that it is possible to define the probability over the empty set @:
Theorem 2.3.1. P(@) = 0.
Proof:
e Since SN@ =@, S and @ are disjoint. By axiom 3, P(SU @) = P(5) + P(2).
e Since SU@ =S, P(SU@) =P(S). By axiom 2, P(S) = 1.
e By the above two steps, 1 =P(S) =P(SU@)=P(S)+P(@)=1+P(@) = P@)=1-1=0.
]

10
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Theorem 2.3.2. For any two events A and B, P(AU B) = P(4) + P(B) — P(AB).
Proof:

Note that

e AUB=AU(B/AB), where AN (B/AB) = @.

e B=(B/AB)U AB, where (B/AB)N AB = @.
By axiom 3, P(AUB) = P(AU(B/AB)) =P(A)+ P(B/AB) and P(B) = P((B/AB) U AB) = P(B/AB) + P(AB).
Putting these two equations together proves the theorem.

Theorem 2.3.3. For any three sets A, B and C,

P(AUBUC) = P(A) + P(B) + P(C) — P(AB) — P(BC) — P(AC) + P(ABQ).

A
ava

We see that AUBUC = (A/AC) U (B/AB) U (C/BC) U ABC, where all four sets are mutually disjoint. Also,
A= (AJAC)U AC, etc. [ |

Theorem 2.3.4. For any two events A and B, P(AU B) < P(A) + P(B).

Proof: By Theorem 2.3.2, P(AU B) = P(A) + P(B) — P(AB). By axiom 1, P(AB) > 0. The conclusion directly
follows. ]

11
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Theorem 2.3.5. For any two events A and B, if A C B, then P(A) < P(B).

Proof: We know that B = (B/AB) U AB, where (B/AB) N AB = @. Since A C B, then AB = A. By axiom 3,
P(B) =P(B/AB) +P(AB) = P(B/AB) + P(A). Since P(B/AB) > 0 by axiom 1, the result follows. [ ]

Theorem 2.3.6. For any event A, P(A¢) =1 — P(A4).
Proof: AUA®=S5and AN A°=g. Thus, 1 =P(S) =P(AU A°) =P(A4) + P(A°), so that P(4A) =1 —-P(A4A°). N

Example 2.3.3. As in Example 2.3.2, we again toss a fair die.

|1 2 3 4 5 6
P({z}) | 1/6 1/6 1/6 1/6 1/6 1/6

Then

31
B={1,23) = PB)—--1
- )~ _6_27

1

AB={2} = P(AB)=_,
AUB={1,2,3,4,6] = P(AUB):%,

(AB)® = {1,3,4,5,6) — P((AB)C):% 0

2.4 Combinatorics - Counting Techniques

Definition 2.4.1. An arrangement of n symbols in a definite order is called a permutation of those n symbols.

For example, 2,3, 1,4 is a permutation of the symbols 1,2, 3,4. The number of permutations of n things taken n at
a time is
nl=n-n—1)-(n—2)---2- 1.

Note that we define 0! = 1. The number of permutations of n items taken r at a time is

nPr = : .:n(n—l)(n—2)-~-(n—r+1).

Example 2.4.1. The number of permutations of a, b, ¢ taken three at a time is 3! = 6:
abc bac cab acb bea cba.
The number of permutations of a, b, ¢ taken two at a time is 3Py = 6:
ab ba ca ac bc cb.

The number of permutations of a, b, ¢ and d taken two at a time is 4Py = 12:

ab ba ca da ac bc ¢b db ad bd cd dc. O

12
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Example 2.4.2. If repeats are possible, the number of ways that the symbols a and b can be arranged in a definite
order of 2 symbols is 2 -2 = 4:

aa ba ab bb.

The three symbols a, b and ¢ can be arranged in 3 - 3 - 3 = 27 ways if repeats are allowed. (|

Example 2.4.3. Consider an urn with 1 white and 2 black balls. Number the white ball #1 and the black balls #2
and #3. Draw two balls from an urn without replacement. Record the outcome by (x1,z3), where z1, x5 € {1,2,3}
but x; # 2. (z; denotes the result of the i*® draw):

S ={(x1,22) : x1,22 € {1,2,3}; 1 # z2}.

How many possible outcomes are there? That is, what is the size of the sample space?

oo 3 (1,2), (2,1), (3,1),
sPe=3 =G =% 7 3), (2.3) (3.2 -

In general, the number of r-tuples that can be formed from n symbols when we don’t repeat is ,P,.. If repetition is
allowed, then the number is n". In Example 2.4.3 if the two balls are drawn from the urn with replacement, then
the sample space becomes

S ={(z1,22) : x1,22 € {1,2,3}}.
and the number of possible outcomes is

3.3=32=np"=09.

Definition 2.4.2. The number of subsets of size r that can be formed from a set of n elements is called a combination
of n elements taken r at a time, denoted by

()= =

Example 2.4.4. Consider the set {1,2,3}. The number of combinations on this set taken two at a time is

3\ 3! 3Py

As illustrated in Example [2.4.3] the number of permutations on this set taken two at a time is

sPo=3-2= : =0, = ( 2) 2 s ([
(3-2)! 3), (2 (3,2).

Example 2.4.5. The number of different bridge hands (13 cards) that a player in a bridge game can attain is

2 2!
pZ) _ 52 635,013,559, 600 ~ 6.35 x 10"
13) 39113

The number of ways in which a bridge deck may be dealt into four hands for four distinct players is

52\ (39 (26 (13 52! 397 260 Bt 52! ~ 5.36 x 1028 0
13/\13/)\13/\13/ ~ 391130 26713! 13M3! 0113! 13113113113! ~ * '

13
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The answer to the last part of Example [2.4.5| has a special notation:

n n!
( ):H', where 71 + -+ 1 =n.
T1,72,...,Tk r1:rol s T

Therefore, we could have denoted the answer to the last part of that example as
52 52!
= X J. 1 28.
(13, 13,13, 13> 13113!13!13! 5-36 > 10

Example 2.4.6. Five probability students meet at a party. How many handshakes are exchanged if each student
shakes hands with every other student once and only once? To determine this, we simply calculate the total
combinations of two people (the two people shaking hands) out of a total of five:

5 51 5.4
= =2""—10. O
(2) o3l ~ 2.1 0

Example 2.4.7. In how many ways can a probability student answer 8 questions on a true-false exam if she makes
half the questions true and half the questions false? Here we take 8 questions and choose 4 of them to be false:

8 8! 8§-7-6-5
(4) 4321 0

2.5 Defining P when S is Finite

To define P over a finite sample space .5, it is necessary to know P for any subset of S. It is sufficient to define P
over the single element events. That is, if S = {z1,...,2,} and if we know P(z1), ..., P(z,,), then we can compute
P(-) for any subset of S.

Example 2.5.1. Suppose one is drawing a sample of size 2 from an urn containing red and white balls:
S={W,W),(W,R),(R,W), (R, R)}.
Suppose we define the following.

| (WW) (W.R) (RW) (RR)
P({z}) | 6/15  4/15  4/15  1/15

Let E be the event that the first ball is white:

E={WW),W,R)} =  PE)=P{W,W),(W,R)})

=P{W,W)}u{(W,R)})

=P{(W,W)}) +P{(W,R)})
6 4

“15 15

2

=3

Note that the points (single-element events) in S are not equally likely. (]

14
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Now consider a finite sample space, where each point in the sample space is assumed to be equally likely:

1
S={x1,22,..., 2} = P({xz})zﬁ fori € {1,2,...,n}.

In this special case, P(A) = gléi ggg

Therefore, if there are m points in A, then

Example 2.5.2. Consider the game of tossing 2 dice, where
S={(z,y): z,ye{l,2,3,4,56}}.
If it is assumed that each point in S is equally likely, then

1
Size of S

P({(z,y)}) =

Let A be the set of points such that z +y = 5:

V(z,y) € S.

Size of A 4 4 1
A=1{(1,4),(4,1),(2,3), (3,2 = PAA=—"—"=—=—=-.
Let S = {2,3,4,5,...,11,12}, where we are now only interested in the events concerning the sum x + y appearing
on the dice. The points in S are not equally likely.

If the event A = {5}, then P(A4) = 4= = 1. O

Example 2.5.3. Find the probability that the thirteenth day of a randomly chosen month (each month equally
likely to be chosen) is Friday:

S = {Sunday, Monday, Tuesday, Wednesday, Thursday, Friday, Saturday}.

If we assume the points in S are equally likely, then P(Friday) = % Checking the assumption of equally likely points:
A calendar has a period of 400 years. Every fourth year is a leap year except for years such as 1700, 1800, and 1900,
which are not multiples of 400. In 400 years, there are 4800 dates (between the years 1600 and 2000) which are the
thirteenth of the month:

T ‘Sunday Monday Tuesday Wednesday Thursday Friday Saturday

P({z}) ‘ 87 685 685 687 684 688 684
4800 4800 4800 4800 4800 4800 4800

15
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Example 2.5.4 (Urn Problems). An urn contains 20 balls:

(a)

10 red, numbered 1-10,
4 blue, numbered 11-14,
6 green, numbered 15-20.

A sample of size 1 is taken from the urn.

S={1,2,...,20} = Sizeof S is 20.
Assuming equally likely points in S, let A be the event that the ball drawn is red.
_ Sizeof A 10 1

P(A)=P({1,2,...,10}) = o= =5, =3

A sample of size 2 is drawn with replacement from the urn.
S={(z,y): z,ye{l,2,...,20}} = Size of S is 20 x 20 = 400.
Let B be the event that the first ball is red and the second is green.

B={(z,y): z€{1,2,...,10}, y € {15,16,...,20}} = Size of B is 10 x 6 = 60.
_ Sizeof B 60 3

p(g) = et 5 00 5
= PB) =g, 0Fs = 100 ~ 20

Let C be the event that the one ball is red and one ball is green.

C=A{(z,y): ve{1,...,10}, y € {15,...,20} or x € {15,...,20}, y € {1,...,10}}
= Size of C'is 10 x 6 + 6 x 10 = 120.
_Sizeof C 120 3

p(cy = Dzeot ¢ 120 3
= PO =g oors ~ 100~ 10

Let D be the event that both balls are red.

D={(z,y): z,ye{l,2,...,10}} = Size of D is 10 x 10 = 100.
Sizeof D 100 1

= P(D):SizeofS:T()Oiél'

A sample of size 2 is drawn without replacement from the urn.
S={(z,y): z,ye{l,2,...,20}, v #y} = Size of S is 20 x 19 = 380.

Assuming equally likely points in S, let E' be the event that the first ball drawn is red and the second one is
green.

E={(z,y): z€{1,2,...,10}, y € {15,16,...,20}} = Size of E is 10 x 6 = 60.
Size of B 60 60

= PB) =g org ~ 380 0 PP =

= 100"

6

Note that if there are 19 balls in the urn and 6 of them are green, then the probability of a green ball is % > 55+

Now let F' be the event that both balls drawn are red.

F={(z,y): z,y€{1,2,...,10}, z#y} = Sizeof Fis 10 x 9 =90.
Size of ' 90 100

= P =g ors ~ 330 <P = 1000

16
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When S is countably infinite, it is obvious that the points in S cannot be equally likely. To define P(-) in this case,
it is sufficient to define P(-) over the single member equivalents of S.

Definition 2.5.1 (Probability Mass/Density Function). For finite or countably infinite sample spaces, the
probability function defined over single member events of S is written as a point function and is called the probability
mass function (pmf) or probability density function (pdf):

pm: p(x) = P({z}),
pdf: f(z) = P({}).

Example 2.5.5. Toss a fair 6-sided die:

ze{1,2,3,4,56)
otherwise '

pla) = P({x}) = {g

D=
:

Example 2.5.6. Toss 2 fair dice as in Example |2.5.2. Let the outcome by the sum = + y of the values of their faces:

=l 1 €{2,3,4,5,6,7}

36
plz) = B2 2€{8,9,10,11,12} .
0 otherwise
p(x)
6
36 | ]
1| I I
36
e et
1 2 3 4 5 6 7 8 9 10 11 12 0

17
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Example 2.5.7. Toss a coin, and let p be the probability of getting a head. Toss a coin over and over again until a
head appears and stop. We are interested in the number of tosses, z, necessary to obtain a head for the first time.

S={1,2,3,..} =7".

It can be shown that

p(l)=p
p(2)=(1-pp
p(3) = (1—p)°p

Therefore, we write

(1-p)*'p zeZ*
p(z) = -
0 otherwise

Ifp= %, then

otherwise

p(m):{(()Q) r €7t

18
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If S has n members and each is equally likely to occur, then we say that P(-) is distributed uniformly over S, and

the pmf is
(2) % xesS
) = .
P 0 otherwise
Example 2.5.8. If S = {-1,0,3,4,6} and P(-) is distributed uniformly over S, then

L 2e{-1,0,3,4,6
plz) =172 { ) b
0 otherwise

2.6 Defining P when S is (Uncountably) Infinite

We will consider cases where S = R. We will restrict our attention to those sample spaces S and set of events ¥
which we can define probability P for any event A € U in the following way:

If there exists a real-valued function f(-) such that

P(4) :/ f(x)dx VA€V, (2.6.1)
A

1=P(S) = /Sf(x) dx,and (2.6.2)

f(x) >0 Ve e SCR, (2.6.3)

then f(-) is called a probability density function. Note that
P({z;}) = / f(x) dz =0.

However, P(-) is still a set function.

P(A) : /(@)
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Example 2.6.1. Assume that the subway station at T-Centralen has trains which depart every ten minutes for
Gamla Stan station. Passengers arriving at T-Centralen don’t know the exact schedule — only that there is a
ten-minute interval between trains. The waiting time of a passenger arriving at T-Centralen is ¢, where ¢ € [0, 10]:

S={t:0<t<10}.

Experience has shown that for a,b € [0, 10],

P({t:agtgb}):k(b—a)z/bkdx.

By (2.6.2),
1
PH{t:0<¢t<10})=P(S)=1=k(10—-0) =10k = k:E'
Therefore,
f(x)
L ze€l0,10
flz) =410 [ . ] 1
0  otherwise i0
! ! x
0 5 10
so that
b1 b—a
P({t:agtgb})z/aﬁdle—o for a,b € [0, 10]. O
Example 2.6.2. Let S =R, and
f(x)
2 [0,1] &
r x|V,
S {0 otherwise
! x
0 1
Note that
0o 1
/ flx) dx:/ 2z dz:[xz]ézl.
—o00 0
Let A be the event that the observed value is less than % Thus,
3 3 1 1
P(A):/ flx) dx:/ 2z dx = [x2]g =71
and
1 3 3
P(observed value is > 1) =1 — 1= P({i}) = / 2x dx = 0. O
1

20



2 - FUNDAMENTAL DEFINITIONS AND AXIOMS
Example 2.6.3. Consider an experiment which consists of observing the total time a light bulb will burn from the

moment it is first put into service. Suppose P(-) is determined by the pdf

1 —a/1000
flz) = 1000 °€ «/ x>0 . 1
0 otherwise

1000

Let E be the event that the bulb burns between 100 and 1000 hours. Let F' be the event that the bulb burns more
than 1000 hours. That is,
E={z: 100 <z <1000}, F ={x: x> 1000}.

Thus

9

1000 1000 1 1000 1
P(E) :/ f(z) dx :/ = /1000 g [_e—x/looo] — e lpe T 0.537,
1 100 1000

00 100
oo o0 1 00
P(F) = da = /1000 g [f *I/IOOO} —0+e !~ 0.368.
&) 1000 fz) do /1000 1000° v ¢ 1000 te

Furthermore, note that P({x : = < 100}) =1—P(E) — P(F) = 1 —0.537 — 0.368 = 0.095 and that

) 1 >
da — /1000 g _ | _—2/1000| " _ 4 1 =1
/_OO f(z) dx /0 10006 v [ € }0 * ’

thus proving that f(z) is a valid pmf (i.e., it integrates to one). O

2.7 Random Variables

The set of all outcomes of a random/'| experiment is the sample space for the random experiment. Examples of
random experiments include the following:

e Measuring the time a passenger waits until he catches a train.

e Measuring the time to failure of a piece of equipment.

e Observing the sum when two dice are tossed.
For these examples, we could let

e T denote the time a passenger waits,
e X denote the time to failure, and

e Y denote the sum of the two dice.

IThe adjective (or adverb) random is used in probability in many different applications, such as random variable, random phenomenon,
random experiment, and picking randomly. In all cases, this just means that the outcome is not pre-determined, and relies on some law
of chance.
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Definition 2.7.1 (Random Variable). A random variable (r.v.) X is a point function from the sample space S
into the set of real numbers R. If B is a probabilizable subset of R, then P(X € B) = Px(B) = P({w: X(w) € B}).
We let A = X~1(B) be the inverse image of B in S.

Map points into points,
map events into events.

We denote random variables by upper case letters such as X, Y, Z or T. We denote specific values which the random
variables may take by lower case letters, such as z, y, z or t.

Example 2.7.1. Suppose S = {1,2,3,4,5,6} and X is the identity function X (w) = w Vw € S. Thus, for example,

X(1) =1, X(2) =2, etc. If P(z) = ¢ for each value z of S, then P(X =z) = § V. O

Example 2.7.2. If S = {H, T}, then we could let X(H) =1, X(T') = 0. By doing this, we are mapping the sample
space {H, T} to the subset of the real numbers {0,1}.

I
(e
~—

P{H}) =P(X
P({T}) =P(X

Example 2.7.3. Let S = R, and let E be the event that a light bulb burns between 100 and 1000 hours. Letting
X(w) =w VYw € S, we have P(E) = P({z: 100 < 2 < 1000}] = P(100 < X < 1000). O

We will learn two types of random variables: discrete and continuous.

Definition 2.7.2. A random variable X is discrete iff its range of values (values of z where P(X = z) > 0) is a
non-empty finite or countably infinite set of real numbers.

Example 2.7.4. The random variables in Examples 2.7.1| (die) and [2.7.2] (coin) are discrete. The random variable
in Example 2.7.3| (light bulb) is not discrete, since the set of & where P(X = z) > 0 is the empty set @. ]

If S is finite or countably infinite and X (z) = = V& € S, then X is discrete, such as in Example 2.7.1. However,
discrete random variables exist in other cases, such as in Examples |2.7.2| and [2.7.5| below.
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Example 2.7.5.

- if =2 1 f z+
a. Let S = Z*, the set of natural numbers. Define X (z) = N 1 v n Llorsomen € . Then X is a
z/2 if z =2n for some n € Z*
discrete random variable.
0 ifx=2 1 f 7+
b. If we define X (z) = 1 7= 2nt Llorsomen € ", then X is a discrete random variable.
1 if x =2n for some n € Z*
0 0,100
c. Let S =R", and define X (z) = e (0, ) Then X is a discrete random variable.
1 x>100
O

Definition 2.7.3. A random variable X is continuous iff its range is an uncountably infinite set of real numbers.
For example, Vo € R, P(X =) = 0.

We will restrict our attention to those continuous r.v.’s where P(-) is defined by a pdf fx(x). These random variables
are correctly called absolutely continuous random variables.

If X is a continuous r.v., then P(X = x) =0 Vz and VA € ¥, P(4) =P(X € A).
Example 2.7.6. Let S = {z: 0<z <10} and X(z) =2 Vz € S. Let fx(z) = {5 for 0 <z < 10. then

b
1
P(a<x<b):/ﬁdx for 0 < a <b < 10. O

Example 2.7.7. Let S = RT, where S is a sample space for a random experiment of life length of light bulbs. Let

1
P(A) :/Ame*z/mo dr VA€V, O

Example 2.7.8. Let S = {H,T} and P({H}) = P({T}) = . If X(H) = 1 and X(T') = 0, then for this discrete
random variable.

p(1) = P({X(H)
p(0) = P({X(T)

1}) = P({H}) = P(X = 1),
0}) = P({T}) = P(X = 0).
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Example 2.7.9. Further examples of pmf’s and pdf’s include the following:

fx(x)
1
10
L2 e€]0,10]
_J)10 ) '
2) fx(@) {0 otherwise
0 5 10
fx (@)
1
1 _—x/1000 . > 1000
b _ J Tooo = '
) Ix(@) {O otherwise )
1000
px ()
1
2
1
) px () {0 otherwise "
0 1
px ()

1]
1 2 e{1,2,3,4,5,6} 0
d ) = 6 3 Sy 9y TEy Uy )
) px() {O otherwise
1 2 3 4
px(z)
1
5 CU:2
3
"I/' fr—
e)  px(x) Lo,osg 3
0 otherwise I
2 4 6
O
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2.8 Distribution Function

It can be shown that for any random variable, there exists a function called a distribution function which suffices to
determine the probability measure P(-), in that P(-) can be reconstructed from the distribution function.

Definition 2.8.1 (Distribution Function). For a random variable X, the distribution function Fx(-) is a point
function from R to the interval [0, 1] defined by

Fx(z)=P{y: y<z})=P(X <z).

If the probability is specified by a pmf px(-) (for discrete r.v.’s), then Fx(x) = pr (y).
y<z

If the probability is specified by a pdf fx(-) (for continuous r.v.’s), then Fx(z) = / Ix(y) dy.

Example 2.8.1. If X is a discrete r.v. with S = {1,2,3,4,5,6} and

0 z<1
1 1 4
= es = 1<x<?2 2 4<zx<bh
px(@) =48 =7 then Fx(e)=4 0 = 6=
0 otherwise % 2<z<3 g 5<z<6
3 3<z<4 1 6<uz
Graphically, we have

px ()

1

6

1 2 3 4 ) 6

Fx(x)

1 ——

5

6 o

4

G —

3

6 —

2

6 o

1] -

6

x

12 3 4 5 6

Note that the graph of Fx (z) contains a line from (1,0) to (—o0,0) (difficult to see on a black and white copy). O
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Example 2.8.2. If X is a discrete r.v. with S = {2,6,8} and

3 1
_Jg ==6 )5 2<z<6
x)= , then Fx(z)= .
(=11 g Y=V gcacs
0 otherwise 1 8<=z
Graphically, we have
px(x)
1]
2
‘ | I :
2 4 6 8
Fx(z)
1+ °
4 -
1] °
5 °
t + + + X
2 4 6 8

Here the graph of Fx(z) contains a line from (2,0) to (—o0,0) (again, difficult to see on a black and white copy).O]
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Example 2.8.3. Consider again the example of the life length of light bulbs:

1 —2/1000
fx(z) = 1000 / vz
0 otherwise

in which case, for > 0,
x

ro1
Fi(a) = P(X <) = [ g /1% de = [et100] g — oo,

Graphically, we have

fx(z)
_1 ]
1000
+ T
1000
Fx(x)
1 S
+ X
1000

The graph of Fx(x) contains a line from (0,0) to (—o0,0) (again, difficult to see on a black and white copy). O

Generally, remember that Fx(+) is defined on the entire real number line R. Furthermore, there is a 1-1 correspondence
among

Px() < Fx() < px()
for discrete r.v.’s and among
Px() & Fx() < fx()

for continuous r.v.’s.
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2.9 n-Dimensional Discrete Random Variables

In this case the sample space is a discrete set of points in m-dimensional space. Let Si,Ss,...,S5, be discrete
one-dimensional sample spaces. then the n-dimensional sample space might be

S =51 x8 x---x5,.
We write the n-dimensional random variable as X = (X1, Xo,..., X,).
First consider a two-dimensional discrete random variable
S=51 x5, X=(X1,Xs).
The joint pmf for (X, Xs) is denoted by

Px,,x, (21, 22) = Px, x,({z1,22}) = Px, x, (X1 = 21, X2 = x9).

Example 2.9.1. Toss two dice and assume equally likely points in S.
S1=1{1,2,3,4,5,6}, So ={1,2,3,4,5,6}, and S = 5] x Sy :
Thus,

1

Px,.x,(2,3) = Px, x,({2,3}) = Px, x, (X1 =2, Xp =3) = 36

Px,.x,(0,3) = Px, x,({0,3}) = Px, x,(X1 =0, Xo =3) =0. O

Definition 2.9.1 (Marginal pmf). For the two-dimensional case, the marginal probability mass function for X s
given by

bx, (xl) = Z pXI,XQ(l'l,l'g).

all o

Likewise, the marginal pmf for X5 is given by

pXZ(x2) = Z le,X2($17.’L'2).

all 1

Definition 2.9.2 (Joint Distribution Function). For the two-dimensional case, the joint distribution function s
given by

FX17X2(‘T17I2) = Z Z thXz(IlazQ)'

y2<z2 y1 <71
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2 - FUNDAMENTAL DEFINITIONS AND AXIOMS

Example 2.9.2. Let S; = {1,2,3,4,5}, Sy = {18,19,20,21}, S = S; x S, and let the joint and marginal
probabilities be given by

x1 \xo | 18 19 20 21 | px,(z1)
1 0.00 0.02 0.05 0.00 0.07
2 0.01 0.02 0.06 0.00 0.09
3 0.07 0.14 0.18 0.06 0.45
4 0.06 0.08 0.09 0.02 0.25
5 0.03 0.07 0.03 0.01 0.14
px,(z2) | 0.17 0.33 0.41 0.09 1.00

Thus,

Px1,x5(4,19) = Px, x, (X1 =4, X5 =19) = 0.08,

and for marginal pmf’s,

21
Px(2) = Y px,x,(2,22)
12:18

=DPX1,X> (2a 18) + DX, X, (27 19) + DX, X (21 20) + PX1,Xo (27 21)
=0.01 +0.02 4 0.06 + 0.00 from the table
= 0.09.

21
le(g) = Z pX17X2(3,$2)

=18
= Px,,%:(3,18) + px;,x, (3, 19) + pxy x5 (3, 20) + px,,x,(3,21)
=0.07+0.14 + 0.18 + 0.06 from the table
= 0.45.

5
Px,(19) = Z Pxy,x,(21,19)

11:1
= px1.x2 (1, 19) + px,,x,(2,19) + px, x, (3, 19) + pxy x5 (4,19) + px, ,x, (5, 19)
=0.02+0.02 +0.14 4+ 0.08 4+ 0.07 from the table
=0.33.

5
pX2(20) = Z pX1,X2(:I;1720)

:El:l
=DPX1,X>2 (L 20) + Px1,X, (27 20) +Px1,X (Sv 20) +Px1,X, (4’ 20) +Px1, X (57 20)
=0.05+0.06 + 0.18 + 0.09 + 0.03 from the table
= 0.41.
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21\ @2 18 19 20 21 | px,(z1)
1 0.00 0.02 0.05 0.00 0.07
2 0.01 0.02 0.06 0.00 0.09
3 0.07 0.14 0.18 0.06 0.45
4 0.06 0.08 0.09 0.02 0.25
5 0.03 0.07 0.03 0.01 0.14
px,(z2) | 0.17 0.33 0.41 0.09 1.00

For the joint distribution function,

19 2

Fx, x,(2,19) = Z Z pxy,x, (21, 22)

12:18 I1:1
= px,,x,(1,18) + px, x5 (2,18) + px; . x. (1, 19) + px, x, (2, 19)
= 0.00 +0.01 +0.02 +0.02
= 0.05.

Furthermore, note that

Px, x, (Xl =3and 18 < Xy < 21) =Dx, (3) = 0.45,
Px, x,(X1 =3 and 18 < X, < 21) = px, x,(3,19) + px, x,(3,20) = 0.32.

A graph of our joint probabilities looks like this:

PXx,, X, ($1, 962)

0.2+

21
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Example 2.9.3 (Drawing from an urn without replacement). Suppose we draw two balls
replacement from an urn containing 10 balls:

5 red balls: # 1, 2, 3,4, 5
5 white balls: # 6, 7, 8, 9, 10

Assume equally likely points in the sample space:

S={(z1,22): 21 =1,2,...,10; 22 =1,2,...,10; 21 # x2}.

Let the random variable X; denote the outcome of the " draw:
1 1
Px, X, (T1, T2) = 10.5 90 for (zq1,xz9) € S.
zi\az2 | 12 3 o 10 | px,(22)
1 0 5% a5 % | o
2 |w 0 g % | W
3 |w w O % | W
. . 0 ) :
0 |5 @ % 0| o
px, (1) % % % T % 9%

As shown in the above table, our marginal pmf’s for X; and X, are

10
9 1
px, (z1) = Z Pxy X, (X1, 2) = — = —  forxy € {1,2,...,10},

= 90 10
10 9 1
px,(x2) = xzzlehXQ(xl’xZ) =30 =10 for zo € {1,2,...,10}.

A couple points to ponder:

e We know from above that px,(5) = P(X; = 5) = &. Another way to think about it is that

P(X2 = 5) = P({($1,5) X = 1, ‘e 10, Ty 7£ 5})
10
=Y P{{(@1,5)})

ZE1:1
x17é5

9

90"

e Note that le)Xz(.’El,l‘Q) 75 PX1 (3?1)]))(2(.’172).
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For the n-dimensional case, the joint pmf is defined by

DXy Xa, X0 (X150, Zn) =Dx (21, ..., 20) =Px({(z1,...,20)}).

The joint distribution function is defined as

Fx(x1,...,2,) = Z Z Z px(z1, ..., %)

Yn<Tn Yn—1<Tpn-—1 y1<z1

Example 2.9.4. Suppose we toss three unbiased dice:

S =51 x5 x 53 where S; = {1,2,3,4,5,6}
={(x1,22,23) : x;=1,2,3,4,5,6}.

We define

Thus,

2.10 mn-Dimensional Continuous Random Variables

In this case, the sample space is R" = R x R x --- x R. The random variable is denoted by (z1,...,2,). The joint
probability density function is denoted by fx(x1,...,2,), and the joint distribution function is given by

Fx(wl,---,xn)z/ / / Ix Wi, yn) dyr - - dyn—1dy,

=Px(X; <x1, Xo<wx, ..., X, <p).
For the two-dimensional case, the marginal densities are
o0
fre) = [ Fxxaone) dos,
— o0

fx,(22) Z/_ fx1,x, (%1, 22) dy.
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Example 2.10.1. Suppose at two points in a room, one measures the intensity of sound caused by general back-
ground noise. Let X; and X5 be the r.v.’s representing the intensity of sound at two points:

X is the intensity of sound measured at a point on the floor,
X5 is the intensity of sound measured at a point on the ceiling.
Assume that the joint pdf for X; and X5 is given by

x%—i—x%
2

fxi x, (21, 22) = 122 €XP (— > ,  x1,%2 > 0.

fx1.x, (@1, x2)

Then the marginal distributions for X; and X, are given by

[e'e] 2 2
fX1(5U1) :/ T1T2 €XpP <—x1;%) dzo
0

o2+ 22\17
=z |—exp (-5
12:0

2
=zx1€e ”1/2, x> 0.

2
fX2 (33‘2) = Ig€ x2/2, xo > 0. by symmetry

Note that in this case, fx(x1,z2) = fx, (z1) fx,(x2).
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The distribution function for z1,z9 > 0 is

Fx(x1,22) :/ / fx (t1,t2) dtrdts

Z2 Z1 t2 t2

:/ / tltgexp (— 1+ 2> dtldtg
0 0 2
xr2 ]

' —t2)2 —t2)2 12/
= tie 1 dtl toe 2 dtg since toe~*2/2 is a constant with respect to t1
0 0

T T2
—¢2 2 L3 2/
= / tie ti/2 dtq / toe t3/2 dts since / tie '1/2 dt; is a constant with respect to to
0 0 0

= (1 — 671’?/2> (1 — 671’%/2)

For example,

Fx(1,1) =P(X; <1, X3 < 1)

_ (1) (1)

~ 15.48%.
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3 Dependent and Independent Events

3.1 Conditional Probability

We want to know the probability of some event A given (having the information) that some event B has occurred.

Definition 3.1.1. If P(B) > 0, then then conditional probability of A given B, denoted P(A|B), is given by

P(AB)

PAIB) =

In words, P(A|B) represents the re-evaluation of the probability of A in light of the information that B has occurred.
It reflects the fact that our sample space has shrunk from S to B.

Example 3.1.1. Consider a family with two children. Assume that each child is equally likely to be a boy or a girl.

Let A be the event that the first child is a boy,
Let B be the event that the second child is a boy.

Then AU B is the event that at least one child is a boy, and AN B is the event that both children are boys. Let the
r.v. X and Y denote the sex of the first and second child, respectively. Then our sample space becomes

S={(z,y): z=0,1; y=0,1}:

P(A) =P(B) =1, P(AB) = { and P(AUB) = 3, so0

CP(AB)  1/4 1
PAB) = 5@ —1p "y
_ P(ABB) P(AB) 1/4 1
PABIB) =5 = 3@ 1 2
plapaLp) - PABNMAUB) | PUAB) 1/ L

P(AUB) -~ P(AuB) 3/4 3

35
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Note that P(A4|B) = P(A4) and that

P(AB) = P(A|B)P(B) = P(B|A)P(A). (3.1.1)

In fact, Equation (3.1.1) can be generalized.

Theorem 3.1.1 (Multiplication Rule). Let A, Ao, ..., A, be defined events on the sample space S. Then
P(A1AzA;z- -+ Ay) = P(A1)P(A2]|A1)P(A3|A1Ag) - - P(An[A1 Az -+ A1) (3.1.2)

This is called the multiplication rule, and using it to solve a problem is called conditioning.

Proof: We simply apply the definition of conditional probability multiple times:

P(A142) P(A14543)  P(A1Ay---A,)
P(A)  P(A14y)  P(A1Ay-- A, )
— P(A1)P(Az|A1)P(A3|A1Ag) - P(Ap[ A1 Ag -+ A, 1),

P(A1A2As -+ A,) =P(Ay) -

Theorem 3.1.2. Let S be a sample space and P(-) be the probability function defined over the set of events W.
Then for any B € ¥, if P(B) > 0, then P(:|B) is a probability function. That is,

(a) P(A|B) >0 VAe V¥,
(b) P(S|B) =1, and

n
(c) If Ay, As, ..., A, are disjoint sets (events), then P < U

k=1
Proof:
(a) P(A|B) = PPE?BB)) > 0, since P(-) is a probability function
(b) P(S|B) = P(‘if) - i? _1
UkAk NB)  P(UyAB)  =P(AB) <
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Since P(:|B) is a probability function (as proven above), every theorem we have proven for a probability function
holds for a conditional probability function as well.

Definition 3.1.2. A partition of a set S is a collection of disjoint nonempty sets {S;} whose union is equal to S.
That is,

.SiﬂSjZQfOI‘Z'#j.
e U,S; =S

Note that there need not be a finite number of sets in in the collection {S;}.

Example 3.1.2. (a) Let S ={1,2,3,4,5}. A possible partition of S is
{1y {2} {3} {4} {5},
while another is
{1,2,3,4} {5},
and still another is
{1,2,3,4,5}.
(b) Let S =Z™, the set of natural numbers. A possible partition of S is
{1y {23 8 {4 {5 ...,
while another is
{1,2,3,4} {5,6,7,...},
and still another is

{1,2,3,4,5,6,7,...}. O

Theorem 3.1.3 (Theorem of Total Probabilities). Let S be a minimal sample space and let {S;} be a partition
of S. Then for every event A C S,

P(A) =Y P(A[S:)P(S)).
i=1

Proof:
P(A) = P(ANS) = P(AN (U;Sy) = P(U;AS,) = S P(asy) = 3 PSP s y6)p(s,),
i=1 i=1 P(5:) i=1
Note that in the penultimate equality, we must have that P(S;) > 0 Vi. How do we know that this is true? |
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Example 3.1.3. A box has n; tags numbered 1 and ny tags numbered 2. A tag is selected at random (each tag is
equally likely). We have two urns:

urn #1 contains r; red and b; black balls,

urn #2 contains ro red and by black balls.
If tag #i is selected, one goes to urn #i and selects a ball at random. Thus, our sample space is
S={(z,y): =12, y=1,...,m+bife=1y=1,...,r9 + by if x = 2}.

Let R be the event that the ball drawn is red, and H; be the event that tag #i is drawn. What is P(R)? Using the
theorem of total probabilities,

P(R):P(R|H1)P(H1)+P(R|H2)P(H2):( n )( e )+< 2 )( 12 )

1+ by ny + no 7o + bo ny + no

For instance, suppose 1 = 10, by = 5, ro = 5, by = 10.

e Let ny =2 and ny = 8:

OO 10r 5r
2850 ‘Bb Sl s PG+ (B @) - <
box urn 1 urn 2
e Let n; =5 and ny = 5:
0000 ‘150;; Sl = () ¢ (B ()=
box urn 1 urn 2
e Let ny =9 and ny = 1:
OO 10r 5r
0050 ‘% Sl s - ) -5
box urn 1 urn 2 0

Theorem 3.1.4 (Bayes’ Rule). Let S be a minimal sample space and let {H;} be a partition of S. Then for every
event A C S and every i,

_ P(A|H,)P(H,)
P(H;|A) = >, P(A[H;)P(H;)

Proof: Using the definition of conditional probability and the theorem of total probability,

_ P(ANH;)  P(AH;)P(H,)
P(H;|A) = P(A) X, P(A[H;)P(H;)
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Example 3.1.4. Suppose we have equally likely boxes, and in each box we have equally likely drawers. In each
drawer there is one ball, colored red (R) or blue (B):

R B B
R R B
box 1 box 2 box 3

Let H; be the event that the i*" box is chosen. Suppose we randomly choose a drawer from a randomly chosen box.
Given that a red ball was found in our drawer, what is the probability that the first box was chosen? Intuitively, we
might guess the answer to be % To prove this, we can use Bayes’ rule:

_ P(R[H)P(H)) 1.
S S P(RIH)P(H;) (1-3) + (0

Wl ol

)+ (

(SIS
Wl
SN—

w

Example 3.1.5. Suppose a factory has two machines, A and B, which make 60% and 40% of the total population
of parts, respectively. Of their output, machine A produces 3% defective items, while B produces 5% defective items.
Find the probability that a given defective part was produced by machine B.

Let D be the event that an item is defective. We want to find
P(D|B)P(B) (0.05)(0.40)

P(BID) = P(D[A)P(A) + P(D|B)P(B) _ (0.03)(0.60) + (0.05)(0.40) 52.65%. H

Example 3.1.6 (Cancer Diagnosis). Let A denote the event that a person tested has cancer, and C' denote the
event that a test states that a person has cancer. This diagnostic test has the following properties:

P(A|C) = 0.95, P(C) = 0.005,
P(A°|C*) = 0.95, P(C®) =1 —0.005 = 0.995,
P(A|C®) =1 —0.95 = 0.05.

We want to find the probability that a person who is diagnosed with cancer actually has cancer:

- P(A|C)P(C) B (0.95)(0.005) B
PCIA) = 5AIGTP(C) + PLAICTP(CY) ~ (0.95)(0.005) + (0.05)(0.995) ~ o 2%

Overall, the test will detect cancer in 95% of the cases where cancer is present. But in only 8.72% of the cases where
the test is positive is cancer actually present. Care must be taken in interpreting this result — what we actually mean
is that if you take a random person off the street and test her for cancer and you get a positive result, there is an
8.72% chance that she actually has cancer. This takes into account the whole population, the vast majority of which
does not have cancer! This is very different from testing someone who shows some symptoms of possibly having
cancer (which is not representative of the entire population).

Members of the population
who test positive for cancer

P(C|A) = 8.72%,
P(C¢|A) = 91.28%.

@ . Members of the population
who have cancer O
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3.2 Independence

Definition 3.2.1 (Independence). Let C be a collection of events. That is, C C ¥ for some sample space S. The
events in C' are said to be independent iff the probability of the joint occurrence of any finite number of them equals
the product of their probabilities. That is,

P(A1Ay---A,) =P(A;1)P(Ay)---P(A,) for any Ay,..., A, € C. (3.2.3)

If C consists of two events A and B, then these two events are independent iff
P(AB) =P(A)P(B).
If C' consists of three events A, B and C, then these three events are independent iff
P(AB) =P(A)P(B), P(AC)=P(A)P(C), P(BC)=P(B)P(C), and P(ABC)=P(A)P(B)P(C).

If C has an infinite number of events, than (3.2.3) must hold for any finite collection of events in C.
Example 3.2.1. Suppose we draw with replacement a sample size of 2 from an urn containing 4 white balls and 2
red balls.

Let A be the event that the first ball drawn is white,
Let B be the event that the second ball drawn is white.

Thus,
S={(z,y): z=1,...,6; y=1,...6} = Sizeof Sis6-6 =36,
A={(z,y): 1,...,4;y=1,...6} = Sizeof Ais4 6= 24,
B={(z,y): x=1,...,6; y=1,...4} = Sizeof Bis6-4 =24,
AB={(z,y): =1,...,4; y=1,...4} = Sizeof ABis4-4= 16,

Then assuming equally lilkely points in S,

2% 2 2% 2 16 4
P(A)==—=2, P(B)=-— =2, P(AB):EZ,.
36 3 36 3 36 9
Note that P(AB) = 4 = (2) (2) = P(A)P(B). Then we can conclude that A and B are independent. O

At this point, one might wonder if all of (3.2.3)) really is necessary for independence. Would it be enough simply to
have pairwise independence? That is, if we know that

P(A;A;) = P(A)P(4;) Vi, je{l1,2,... n}, (3.2.4)

can we then assume (3.2.3))7 The answer is no.
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Example 3.2.2 (Counterexample). This counterexample is due to Russian probabilist Sergei Bernstein (1880-
1968). Suppose S consists of 4 equally likely points x1, x2, x3 and z4. Let
A= {.131,.232}, 32{1‘1,1‘3}, C:{$1,$4} = P(A) ZP(B) :P(C) =

Also, AB = BC = AC = {x:1}, so that P(AB) = P(BC) = P(AC) = i = P(A)P(B) = P(B)P(C) = P(A)P(C).
However,

P(ABC) = P({a1}) =

|
RN
oo =

Therefore (3.2.4) is not equivalent to (3.2.3). O

Recall that P(AB) = P(A|B)P(B) = P(B|A)P(A). This is true for any two events A and B. From above, we now
know that A and B are independent iff P(AB) = P(A)P(B). From these two statements, we might deduce that A
and B are independent iff P(A) = P(A|B), or iff P(B) = P(B|A). We shall prove this below.

Theorem 3.2.1. If P(B) > 0, then a necessary and sufficient condition that the events A and B are independent is
that

P(A|B) =P(A).
Proof:

(=) Assume independence. Then P(AB) = P(A)P(B), so that

P(AB) = P}ffs) - P(%wj — P(A),

(<) Now assume that P(A|B) = P(A). Then
P(AB) = P(A|B)P(B) = P(A)P(B),

which shows independence.

Example 3.2.3. Toss a fair coin 5 times and assume that the outcome on any one toss is independent of the
outcomes of all other tosses. What is the probability of getting five heads?

Let H; be the event that a head is obtained on the i'" toss. Our sample space is

S={(r1,...,25): z;=H,T; i=1,...,5} = Size of S is 2°.

Assume all points in S are equally likely. Thus, the probability of any one point in S is 2% = 3—12 In particular, the

probability of getting our five heads (H, H, H, H, H) is =5. However, we can also get that answer a different way.

32°
Note that

H; ={(z1,...,25): ;=H, w2, =HT} = Size of H; is 2%
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Therefore, P(H;) = g—j = % Vi, so that

5
P({(H’ H H H, H)}) = P(H1H2H3H4H5) = P(Hl)P(H2)P(H3)P(H4)P(H5) = () = — = —
as we had before. 0

The purpose of doing the above problem two different ways is to show just that — that there is sometimes (often!)
two or more ways to find the answer to a given problem. While this example is trivial in that both ways are very
simple, there are often times where one way to get an answer is (much) easier than another way. Therefore, if finding
a solution to a problem is very difficult, it might be useful to stop and think of another approach to the problem.

Definition 3.2.2 (Independence of Random Variables). Random variables X1, X, ..., X,, are independent iff
their joint pmf or pdf can be factored into the product of their individual pmf’s or pdf’s. That is, iff

px (1,22, ..., Zn) = px, (x1)px, (z2) - - px,, (Tn) V(z1,xo,...,Ty) cR" (3.2.5)

if Xy, Xs,...,X, are discrete, and

Ix (@1, @2, an) = fx, (@) fx, (2) - fx, (@) V(21,22,...,2,) €R" (3.2.6)

if X1, X5,..., X, are continuous. Furthermore, the set of random variables in an infinite sequence of them X7, X, ...
are independent if every finite subset of them is independent, as described above.

It may be tempting to ask why the above definition of independent random wvariables is slightly different from the
definition of independent events as stated in (3.2.3). That is, n events are independent only if every set of k of them
are mutually independent for every value of k < n, whereas for random variables it suffices to just check if all n of
them are independent. Why is this so?

The answer lies in the fact that (3.2.3) must be true for one given set of events Ay,..., A,, whereas (3.2.5) and
(3.2.6) must hold for all values of z1,...,x,. Specifically, it can be shown (e.g., [Parzen| (1960, pp. 294-295)) that
(3.2.5) and (3.2.6) are both equivalent to the condition that

Fx(l‘l,l‘g, - ,xn) = FX1 (xl)FX2 (1‘2) . 'FXn(xn) V(l‘1,$2, e ,JZn) € Rn,
which is equivalent to
P(X, <z1, Xo <y, ..., X, <) =P(X; <2))P(Xy < 9)-- - P(Xp, <z,)  V(x1,29,...,2,) €ER". (3.2.7)

Note that if we set 4; = [X; < z;], then (3.2.7) is equivalent to (3.2.3)), with the exception of having to check this
condition for every value of k < n. Again, however, the a(3.2.7) must be true for every value of (x1,22,...,2n).
Now note that if we set x; = oo, then we have Fx,(z;) = Fx,(c0) = P(X; < c0) = 1. Therefore, we can modify
(3.2.7) to be any subset of the n random variables simply by setting a certain number of values of x; to co. For
example, if we want to check the condition for X7, X5 and X3, we set x; = oo Vi > 3, thus giving us

Fx (21,22,23,00,00...,00) = Fx, (21)Fx, (22) Fx, (23) Fix, (00) Fx, (00) - - Fx,, (00)
which is of course equivalent to

Fx (x1,72,23) = Fx, (21)Fx,(22) Fx,(3).

Example 3.2.4. From Example 3.2.3| with 1 denoting heads and X; denoting the outcome of the i*" toss,

1

px(1,1,1,1,1) = px, (Dpx, (Dpx, (Dpx, (Dpx, (1) = 55 O

42



3 - DEPENDENT AND INDEPENDENT EVENTS
Ex